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1. INTRODUCTION
The process of stimulated bremsstrahlung emission and
absorption (SBEA) accompanying electron–nucleus
scattering in the field of a plane monochromatic electro-
magnetic wave has been thoroughly investigated (e.g.,
see [1–6]). Studies [7–9] provide a detailed analysis of
this process in the field of two elliptically polarized
light waves with arbitrary intensities and frequencies
propagating in the same direction. It was demonstrated
that, depending on intensities, frequencies, and polar-
izations of electromagnetic waves, electron–nucleus
scattering may occur in various kinematic ranges and
can be characterized by various quantum multiphoton
parameters. These studies revealed an interference effect,
which is manifested in circularly polarized waves in the
case of substantially asymmetric scattering and which
is accompanied by correlated emission and absorption
of equal numbers of photons from both waves.
In this paper, we extend the results of previous
papers to the case of an arbitrary number of plane
monochromatic waves propagating in the same direc-
tion. We consider the case of circularly polarized
waves, when the interference of waves becomes clearly
pronounced. We will demonstrate that the increase in
the number of waves gives rise to a nontrivial effect of
electron emission and absorption at combination fre-
quencies 
 
|Ω
 
kN
 
|
 
 (21), which is associated with a strong
correlation between the numbers of photons in all the
waves.
In Section 2, we derive the amplitude of electron–
nucleus SBEA in the field of 
 
N
 
 circularly polarized
electromagnetic waves in the general relativistic case. It
is demonstrated that multiphoton processes of emission
and absorption of 
 
n
 
1
 
, 
 
n
 
2
 
, …, 
 
n
 
N
 
 photons from the 1st,
2nd, …, 
 
N
 
th waves (
 
n
 
1
 
, 
 
n
 
2
 
, …, 
 
n
 
N
 
 are negative and posi-
tive integer numbers) are governed by the function 
defined by (17) and (18). This function depends on 
 
N
 
Bunkin–Fedorov quantum parameters 
 
γ
 
j
 
 (20) and on
(1)
quantum interference parameters 
 
α
 
kj
 
 (21). Under condi-
tions when interference parameters are small (
 
α
 
kj
 
 
 

 
 1),
 
n
 
1
 
, 
 
n
 
2
 
, …, 
 
n
 
N
 
 photons are independently emitted and
absorbed in each wave [the functions  can be rep-
resented as products of independent Bessel functions
for each wave (22)]. Provided that 
 
α
 
kj
 
 
 

 
 1, emission and
absorption of 
 
n
 
1
 
, 
 
n
 
2
 
, …, 
 
n
 
N
 
 photons of electromagnetic
waves are generally accompanied by all possible virtual
processes involving emission and absorption of pho-
tons at combination frequencies (21). We will write the
SBEA amplitude in a compact form in terms of opera-
tors  (15) and functions .
In Section 3, we derive the probability of electron–
nucleus SBEA in the field of 
 
N
 
 waves in the general
relativistic case. The SBEA probability is represented
as a sum of partial probabilities to emit and absorb 
 
n
 
1
 
,
 
n
 
2
 
, …, 
 
n
 
N
 
 photons of the waves. We demonstrate that it
is possible to integrate the relevant partial probability in
the quasienergy of the electron in the final state.
In Section 4, we analyze electron–nucleus SBEA in
the Bunkin–Fedorov range (30), where an electron
In1…nN
N1 N N 1–( ) 2⁄=
In1…nN
b j
±( ) In1…nN
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Abstract
 
—We theoretically investigate stimulated bremsstrahlung emission and absorption (SBEA) in the
scattering of a relativistic electron by a nucleus in a multifrequency field of circularly polarized plane electro-
magnetic waves propagating in the same direction. The general relativistic expression for the SBEA probability
is derived. It is demonstrated that the probability of multiphoton SBEA involving an arbitrary number of waves
 
N
 
 is governed by the function  defined by (17) and (18), which depends on Bunkin–Fedorov quantum
parameters 
 
γ
 
k
 
 (20) and quantum interference parameters 
 
α
 
kj
 
 (21). We separate two substantially different kine-
matic ranges in electron scattering: the Bunkin–Fedorov range, where quantum parameters 
 
γ
 
k
 
 serve as mul-
tiphoton parameters, and the interference range, where the interference of all the waves becomes clearly pro-
nounced, and quantum parameters 
 
α
 
kj
 
 play the role of multiphoton parameters. In the interference range, we
reveal a correlation between the numbers of photons in all the waves. Due to this correlation, the total number
of photons emitted or absorbed by an electron (with allowance for the polarizations of waves) is equal to zero.
We analyze the cases of nonrelativistic, relativistic, and ultrarelativistic electron energies. It is demonstrated
that the probability of multiphoton SBEA for an electron scattered in the interference range may considerably
exceed the corresponding probability in the Bunkin–Fedorov range.
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experiences scattering within a rather broad kinematic
region (excluding only the case when an electron is
scattered by a preset angle in the plane of the incident
electron momentum and the wave vector). In this case,
quantum parameters 
 
γ
 
k
 
 (20) serve as multiphoton
parameters. It is demonstrated that, for moderately
strong fields [
 
ξ
 
k
 
 
 

 
 1, 
 
k
 
 = 1, …, 
 
N
 
 (31)], the cross section
of multiphoton electron–nucleus SBEA in the general
relativistic case can be factorized as a product of the
probability to emit or to absorb a photon from the rele-
vant wave, which is determined by the modulus of
functions  squared, by the cross section of elas-
tic electron–nucleus scattering (the Mott cross section).
In the limiting case of nonrelativistic electron veloci-
ties, we find the condition of the applicability of
dipole approximation (38). We also thoroughly inves-
tigate the range of strong fields (
 
ξ
 
k
 
 ~ 1) for nonrelativ-
istic electrons.
In Section 5, we consider electron–nucleus SBEA in
the interference range (50), where an electron is scat-
tered by a preset angle in the plane of the initial electron
momentum and the wave vector. In this regime, the
interference of waves becomes clearly pronounced, and
multiphoton parameters are defined as quantum inter-
ference parameters 
 
α
 
kj
 
 (21) (Bunkin–Fedorov param-
eters are small for arbitrary wave intensities). It is
demonstrated that, in the interference range, we can
introduce (
 
N
 
 – 1) sources of photons at combination
frequencies 
 
|Ω
 
kN
 
|
 
 (
 
k
 
 = 1, 2, …, 
 
N
 
 – 1) (21). Then, func-
tions  (17) can be considerably simplified, and
multiphoton processes are governed by functions
 (57), which depend only on interference quan-
tum parameters. It is demonstrated that, within the
range of light fields attainable with modern sources of
coherent radiation, the probability of multiphoton elec-
tron–nucleus SBEA for nonrelativistic, relativistic, and
ultrarelativistic energies may considerably exceed the
probability of scattering in the Bunkin–Fedorov range.
The cross sections of these processes are determined.
2. THE SCATTERING AMPLITUDE
Let us choose the four-potential of the external field in
the form of a sum of 
 
N
 
 circularly polarized electromag-
netic waves propagating along the 
 
z
 
-axis:
, (2)
where
 
1
 
(3)
Here, 
 
δ
 
j
 
 = 
 
±
 
1; 
 
e
 
jx
 
 = (0, 
 
e
 
jx
 
), and 
 
e
 
jy
 
 = (0, 
 
e
 
jy
 
) are the polar-
ization four-vectors; 
 
F
 
j
 
 and 
 
ω
 
j
 
 are the strength and the
 
1
 
We use the relativistic system of units: 
 

 
 = 
 
c
 
 = 1.
In1…nN
In1…nN
Jl1…lN 1–
A A j ϕ j( )
j 1=
N
∑=
A j ϕ j( )
F j
ω j
----- e jx ϕ jcos δ je jy ϕ jsin+( ).=
frequency of the jth wave, respectively; and the argu-
ment ϕj is written as
(4)
In the first Born approximation in the interaction of
the electron with the field of the nucleus Ze, the ampli-
tude of electron scattering in the field of N waves (2) is
described by the following expression [2, 7, 8, 10]:
(5)
where ψi and  are the wave functions (Volkov func-
tions) of the electron in the field of N waves before and
after scattering, respectively, and  (µ = 0, 1, 2, 3) are
the Dirac matrices. Expanding Volkov functions in
Fourier series and evaluating the relevant integrals, we
can represent the sought-for amplitude in the form
(6)
where the partial amplitude corresponding to emission
(n1 > 0, n2 > 0, …, nN > 0) and absorption (n1 < 0, n2 < 0,
…, nN < 0) of n1, n2, …, nN photons from the 1st, 2nd, …,
Nth waves, respectively, is given by
(7)
Here, φfi is the phase independent of summation indi-
ces; ui  and  are the Dirac bispinors; and q0 and q are
the components of the transferred four-momentum q =
(q0 , q), which can be represented as
(8)
where n = (1, n) (n is the unit vector along the direction
of propagation of all N waves; we should also recall that
ωjn is a four-vector) and  = ( , ) are the
four-quasimomenta of the electron before and after
scattering [10],
(9)
Here, pi,f = (Ei,f , pi,f) are the four-momenta of the elec-
tron before and after scattering and ηj is the classical
relativistic-invariant parameter of the jth wave,
(10)
ϕ j ω j t z–( ), j 1 2 … N ., , ,= =
S fi ie d
4
xψ f x A( ) γ˜ 0Zex----- ψi x A( ),∫–=
ψ f
γ˜ µ
S fi
n j ∞–=
∞
∑
j 1=
N
∏ S fin1…nN( ),=
S fi
n1…nN( ) i4π
2Ze2
E˜ iE˜ f
-----------------–=
× iφ fi( ) u f M fi
n1…nN( )
ui[ ]
δ q0( )
q2
------------ .exp
u f
q p˜ f p˜ i– n jω j
j 1=
N
∑  
 
n,+=
p˜ i f, E˜ i f, p˜ i f,
p˜ i f, pi f,
m
2
2κi f,
----------- η j
2
j 1=
N
∑  
 
n, κi f,+ Ei f, npi f, .–= =
η j eF j mω j, j⁄ 1 2 … N ., , ,= =
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Evaluating the relevant sums, we can represent the
amplitude  in (7) in the following form:
(11)
Here, as usually, the caps denote scalar products of
four-vectors with Dirac matrices (  = Dµ ), and the
four-vector  and functions  are written as
(12)
and
(13)
(14)
To make the notation more convenient, we introduced
operators  in (12) and (13). These operators act on
the index nj of functions , increasing or
decreasing these numbers by one:
(15)
Therefore, each term in (12) involves functions
, and each term in (13) involves functions
. These functions depend on
(16)
quantum parameters and can be represented as N1 (1)
sums of products involving N2 integer-order Bessel
functions :
(17)
(18)
M fi
n1…nN( )
M fi
n1…nN( ) γ˜ 0In1…nN
m
2
2κiκ f
-------------Bn1…nNnˆ+=
+
m
2κi
-------Dˆ n1…nN
1
4--
m
κ f
-----
m
κi
---–  Dˆ n1…nNnˆγ˜ 0.+
Dˆ γ˜ µ
Dn1…nN Bn1…nN
Dn1…nN η j e jb j
–( )
e j*b j
+( )
+[ ]In1…nN,
j 1=
N
∑=
e j e jx iδ je jy,–=
Bn1…nN η j
2
j 1=
N
∑  
 
In1…nN=
+ ηkη j iδk∆kj–( )bk–( )b j
δkδ j( )
exp[
j k 1+=
N
∑

k 1=
N 1–
∑
--+ iδk∆kj( )bk+( )b j
δ– kδ j( )
exp ]


In1…nN,
∆kj ekx e jx,( ).∠=
b j
±( )
In1…n j…nN
b j
±( )In1…n j…nN In1… n j 1±( )…nN.=
In1… n j 1±( )…nN
I
… nk 1±( )… n j 1±( )…
N2 N 1 N+( ) 2⁄=
Jnk
In1…nN γ 1 … γ N; α12 … αkj … αN 1– N,, , , , , ,( )
=  i δ jχ jn j
j 1=
N
∑–  
 
rkj ∞–=
∞
∑
j k 1+=
N
∏
k 1=
N 1–
∏ C r12…rN 1– N,( ),exp
C
r12…rN 1– N,( ) Jλk γ k( )
k 1=
N
∏  
 
Jrkj αkj( )
j k 1+=
N
∏
k 1=
N 1–
∏ ,=
(19)
Here, γk are the well-known Bunkin–Fedorov quantum
multiphoton parameters for each wave,
(20)
and αkj are the quantum interference parameters [the
number of such parameters is equal to N1 (1)],
(21)
In (19),  = gfisinψ is the projection of the vector gfi
on the polarization plane of the waves. Note that
Bunkin–Fedorov quantum parameters (20) and inter-
ference parameters (21) can be represented in the rela-
tivistic-invariant form if we take into account that ωjκi,f
is invariant. As can be seen from (21), if two waves
have identical polarizations (δkδj = 1; i.e., the strength
vectors of these fields rotate in the same direction), then
interference parameters involve the difference of the
relevant frequencies. If these waves have different
polarizations (δkδj = –1; i.e., the strength vectors of
these fields rotate in opposite direction), then interfer-
ence parameters involve the sum of the relevant fre-
quencies. Note also that, in the limiting case of nonrel-
ativistic electron velocities, interference parameters
take into account the nondipole character of the interac-
tion of an electron with electric wave fields (in the
dipole approximation, we have κf = κi = m, and, conse-
quently, αkj = 0).
As can be seen from expressions (7), (11)–(13), and
(17), to describe the effect of many waves, we should not
only formally introduce the terms responsible for these
waves but also take into account interference terms (the
terms proportional to the products ηkηj of wave intensi-
ties). Generally, the functions , which deter-
mine the probabilities of multiphoton emission and
absorption processes, cannot be represented as prod-
ucts of independent Bessel functions (γ1)… (γN).
The coupling of these functions is described by quan-
tum interference parameters αkj (21). As a result, virtual
processes involving absorption and emission of pho-
tons at combination frequencies |Ωkj | (21) occur when
αkj  1 for a given number of absorbed and emitted
photons (definite values of n1, …, nN). If the interfer-
ence parameters are small (αkj  1), then we can
λk δk rkj
j k 1+=
N
∑ r jk
j 1=
k 1–
∑– nk;–=
χk ekx g fi'',( ).∠=
γ k ηk
m
ωk
----- g fi ψ, ψsin n g fi,( ),∠= =
g fi
p f
κ f
-----
pi
κi
--- , k– 1 2 … N ,, , ,= =
αkj ηkη j
m
2
Ωkj
-------
1
κ f
-----
1
κi
---–   ; Ωkj δkωk δ jω j.–= =
g fi''
In1…n j…nN
Jn1 JnN
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neglect the influence of correlated processes (r12 = … =
rN – 1,N = 0), and the functions  defined by (17)
and (18) can be represented as products of Bessel func-
tions describing independent emission and absorption
of photons from the relevant waves:
(22)
In what follows, we assume that the frequencies of
the waves (e.g., ωk and ωj) are not close to each other(otherwise, expressions (6) and (7) for the scattering
amplitude are reduced to the formulas for the amplitude
of electron–nucleus scattering in the field of (N – 1)
waves [8]) and satisfy the conditions
(23)
3. THE PROBABILITY 
OF ELECTRON–NUCLEUS SBEA
Using expressions (6) and (7) for the scattering ampli-
tude, we can represent the probability of scattering of
nonpolarized electrons by a nucleus in the presence of
N circularly polarized electromagnetic waves per unit
time within an infinitely small volume of finite
momenta d3pf in the conventional form [10]
(24)
where the partial probability is given by
(25)
Here, we introduced the notation
(26)
In1…n j…nN
In1…nN γ 1 … γ N; 0 … 0, , , ,( )
=  i δ jχ jn j
j 1=
N
∑–  
 
Jnk γ k( ).
k 1=
N
∏exp
ω j ωk–
ωk
--------------------   1, ωk  
mv i
2 2, v i  1⁄
m, Ei  m.

dW fi
n j ∞–=
∞
∑
j 1=
N
∏  
 
dW fi
n1…nN( )
,=
dW fi
n1…nN( ) 2 Ze2( )2
E˜ iE˜ f
------------------ H fi
n1…nN( )
=
× δ E˜ f E˜ i– nkωk
k 1=
N
∑+  
  d3 p f
q4
---------- .
H fi
n1…nN( )
m
2 EiE f pip f+ +( ) In1…nN
2
=
+
m
4
2κiκ f
------------- Bn1…nN
2 1
4-- f 1m
2 Dn1…nN
2
+
+ 2m2Re f 2In1…nN* Bn1…nN Bn1…nN* f3Dn1…nN( )–

+
1
4κiκ f
------------- p f Dn1…nN( ) piDn1…nN*( )
1
4-- In1…nN
* f4Dn1…nN( )– 

,
where the functions f1, f2, f3, and f4 are written as
(27)
Expressions (24)–(27) for the probability are valid for
arbitrary intensities and frequencies of the waves and
electron velocities vi,f  Z /137. One can easily verify
that, as (N – 2) waves are switched off (e.g., F1 = … =
FN – 2 = 0), the probability defined by (24)–(27) is
reduced to the probability of electron–nucleus scatter-
ing in the field of two waves [8, 9]. If (N – 1) waves are
switched off, then we arrive at the expressions for the
probability of scattering in the field of a monochromatic
plane wave [2]. Finally, if all N waves are switched off,
we obtain an expression for the conventional Mott prob-
ability of electron–nucleus scattering [10].
Note that, due to the complexity of energy-conser-
vation relations, we cannot directly integrate the partial
probability (25) in the energies of an electron in the
final state for arbitrary wave intensities (a comprehen-
sive analysis of the relevant equation was performed by
Yakovlev [11]). However, we can easily integrate in the
quasienergy of an electron in the final state using the
relationship
(28)
Here, d  is an infinitely small solid angle of the quasi-
momentum, m∗ is the effective mass of an electron in
the field of N waves, and Y is the Jacobian of the trans-
formation,
. (29)
However, such an integration brings us into a nonphys-
ical system of coordinates, where it is rather difficult to
interpret experimental results.
f 1 m
2 EiE f– pip f+
κiκ f
----------------------------------------
E fκi Eiκ f–
κi
---------------------------
1
κ f
-----
1
κi
---–  +=
–
κ f κi–( )2 Ei npi+( )
2κ fκi
2----------------------------------------------- ,
f 2
m
2 EiE f– pip f E fκi Eiκ f+ + +
2κiκ f
--------------------------------------------------------------------------- ,=
f3
m pi p f+( )
4κiκ f
------------------------- ,=
f4
1
m
---
2Ei
κi
-------
1
κ f
-----
1
κi
---–   Ei npi+( )+ p f=
+
1
m
--- 1 2E f κ f–
κi
--------------------+ pi.
d3 p f Yd
3 p˜ f YE˜ f E˜ f
2
m
*
2
– dE˜ f dΩ˜ .= =
Ω˜
Y 1– 1 m
2
2κ f
2-------- ηk
2
, m
*
k 1=
N
∑+ m 1 ηk2
k 1=
N
∑+= =
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4. ELECTRON–NUCLEUS SBEA 
IN THE BUNKIN–FEDOROV RANGE
Following studies [8, 9], we will call the kinematic
region where quantum parameters γk (20) are the main
multiphoton parameters the Bunkin–Fedorov range.
In this range, an electron is scattered in such a manner
that the angle ψ between the vector gfi (20) and the
direction of propagation of all N waves is on the order
of unity or, at least, is not too small (for   1); i.e.,
(30)
Here, we assume that   1 (otherwise, the intensities
of the light waves are low, and we can apply perturba-
tion theory with respect to the external field). As can be
seen from (30), the Bunkin–Fedorov range corresponds
to a rather broad kinematic region of scattering. In this
region, the number of photons absorbed or emitted by
an electron for each wave in the process of electron–
nucleus scattering is determined by the corresponding
quantum parameter γk (20). Therefore, we mainly deal
with processes where |nk |  γk (for |nk |  γk, Bessel
functions are very small). Consequently, the fraction of
energy spent or absorbed by an electron due to emis-
sion or absorption of photons from each wave is subject
to the following restriction:
(31)
Obviously, the physical meaning of parameter ξk is the
ratio of the work done by the field within the spatial
scale equal to the wavelength to the energy of the elec-
tron (in the nonrelativistic case, this is the ratio of the
electron oscillatory velocity in the wave field to the
velocity of translational motion). Note also that, within
the Bunkin–Fedorov range, quantum interference
parameters satisfy the relation
(32)
Let us consider electron–nucleus SBEA in the range
of moderately strong fields, when ξk  1 [7, 8, 12, 13].
Depending on the electron energy, the intensities of the
waves within this range are subject to the following
restriction:
(33)
γ k'
ψ   1
γ k'
---- , π ψ–   1
γ k'
---- ,
γ k' ηk
m g fi
ωk
-------------, k 1 … N ., ,= =
γ k'
nkωk
Ei
----------   ξk,
ξk ηk mpi------
ηk v i,  v i   1 ⁄
η
 
k
 
m E
 
i⁄( )
 
,
  
E
 i    m

 
,
 
k
 
1 …
 
N
 
.
 
, ,
 
= = =
αkj γ k' ξ jv i.∼
ηk  
v i, v i  1
1, Ei m∼
Ei m, Ei  m⁄


 
By virtue of (33), we should keep only the first term in
expression (26). Four-quasimomenta meet the relation
 
 
≈
 
 
 
p
 
i
 
,
 
f
 
 [see (9)], and energy conservation is expressed
as 
 
E
 
f
 
 
 
≅
 
 
 
E
 
i
 
 (except for the case of ultrarelativistic electrons
in the initial or final state that move within a narrow cone
of angles along the direction of wave propagation). Tak-
ing this circumstance into account, performing integra-
tion in energies of the electron in the final state, and
dividing the probability (25) by the flow density of
electrons incident on the nucleus, we derive the follow-
ing ultimate expression for the partial cross section of
electron–nucleus SBEA:
(34)
where 
 
d
 
σ
 
Mott
 
 is the conventional cross section of elec-
tron–nucleus scattering in the absence of external fields
(the Mott cross section) [10] and functions  are
defined by expressions (17)–(21), where we should set
 
E
 
f
 
 = 
 
E
 
i
 
. As can be seen from (34), the cross section of
multiphoton electron–nucleus SBEA in the range of
intensities specified by (33) is factorized as a product of
the probability to emit or to absorb photons from the
relevant waves, which is determined by the modulus of
functions  squared, by the cross section of elastic
electron–nucleus scattering. Since quantum interfer-
ence parameters 
 
α
 
kj
 
 can be estimated in their order of
magnitude with the use of (32), provided that 
 
γ
 
k
 
 ~ 1, we
have 
 
α
 
kj
 
 
 

 
 1 in the range of intensities specified by
(33). Hence, functions  are reduced to (22), and,
consequently, we have
(35)
in (34).
If the quantum parameters satisfy the inequality 
 γ k
 
 
 

 
 1
[and condition (33) is met], then we may have 
 
α
 
kj
 
 
 

 
 1.
Using the asymptotic representation of Bessel func-
tions [14], we can readily show that, in this case, the
modulus of functions  squared can be estimated
in its order of magnitude as
(36)
i.e., the partial cross sections (34) are small as com-
pared with the Mott cross section.
Since the arguments of the functions  defined
by (17) and (18) are independent of summation indices
within the range specified by (33), we can easily per-
form summation in the partial cross section (34) over
all possible processes involving emission or absorption
of photons from the relevant waves:
(37)
p˜ i f,
dσ n1…nN( )
dΩ--------------------- In1…nN
2dσMott
dΩ--------------,=
In1…nN
In1…nN
In1…nN
In1…nN
2 Jn1
2 γ 1( )Jn2
2 γ 2( )…JnN
2 γ N( )=
In1…nN
In1…nN
2 γ 1…γ N( ) 1–   1;∼
In1…nN
dσ
dΩ-------
dσMott
dΩ-------------- In1…nN
2
nk ∞–=
∞
∑
k 1=
N
∏ dσMottdΩ--------------.= =
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Thus, performing appropriate summation, we find that
all essentially quantum contributions to the intensities
(33) compensate each other.
Note that in the limiting case of nonrelativistic elec-
tron velocities, the upper inequality in (33) is generally
insufficient to ensure the applicability of the dipole
approximation in the interaction of an electron with the
electric fields of the waves. The necessary condition for
the validity of such an approximation is that interfer-
ence parameters αkj (21) (these parameters are equal to
zero in the dipole approximation) should be small. This
condition is satisfied when the products of wave inten-
sities meet the following inequality:
(38)
This condition essentially involves the frequencies of
the waves and, generally, may be more stringent than
the upper inequality in (33). Specifically, for optical fre-
quencies (ωk ~ 1015 s–1) and velocities vi = 10–1, we can
use (33) and (38) to obtain ηk  10–1 and ηkηj  10–5,
respectively. In other words, the applicability of the
dipole approximation (38) requires wave intensities
much lower than those required for the fulfillment of
(33). However, we can always choose the frequency
range in such a way that condition (38) is a fortiori sat-
isfied within the framework of (33), and the dipole
approximation is applicable. In this case, the first factor
in the partial cross section (34) is reduced to (35).
Now, let us consider the scattering of a nonrelativis-
tic electron in the range of strong fields, when ξk  1.
By virtue of this condition, oscillatory velocities of
electrons in wave fields are on the order of or higher
than the velocity of electron translational motion,
. (39)
We will also assume that
(40)
Taking (39) and (40) into account, we can write the law
of energy conservation as
(41)
Note that the third term in (41) is of the same order of
magnitude as other terms when wave intensities meet
the condition
(42)
i.e., when electron oscillatory velocities in the wave field
are much higher than the translational velocity (ηk  vi).
The law of energy conservation (41) is a quadratic
equation with respect to the velocity of an electron in
the final state. Performing simple calculations, we can
ηkη j  
ωk j( )
mv i
----------.
ηk   v i  1
ηk  1, k 1 2 … N ., , ,=
p f
2
2m-------
pi
2
2m-------–
1
2-- ηk
2
k 1=
N
∑  
 
n p f pi–( ) nkωk
k 1=
N
∑+ + 0.=
ηk
2
  v i,
find possible values of electron velocities in the final
state:
(43)
Here, we introduced the following notations:
(44)
(45)
Using these expressions and performing integration in
the velocities of an electron in the final state in the par-
tial probability described by (25) and (26), we derive
the following expression for the cross section of scat-
tering:
(46)
Here, re is the classical electron radius; quantum inter-
ference parameters in the functions  defined by
(17) and (18) are written as
(47)
and γk and χk are given by expressions (20) and (19)
with a vector gfi (47). In the partial cross section (46), we
have vf = v1 (43). If equation (41) has two roots, then the
sought-for cross section can be represented as a sum of
two cross sections (46) with vf = v+ and vf = v–.
As can be seen from (47), for intensities that satisfy
condition (42), interference parameters meet the relations
αkj ~ m /ωk(j)  1 and γk  αkj in the range of optical
frequencies. By virtue of these relations, multiquantum
processes with absorption of |nk| ~ γk (k = 1, 2, …, N) pho-
tons from the waves are dominant within the consid-
ered range of wave intensities and frequencies (emis-
sion of such a large number of photons is forbidden by
the law of energy conservation).
Next, let us consider the case when wave intensities
meet the inequality opposite of (42), i.e.,
(48)
but condition (39) is satisfied. Provided that (48) is
true, we can neglect the third term in the law of energy
conservation (41). Then, we can derive the expression
for the partial cross section by setting b = 0 in (46)
v f
v 1 b– b
2
a+ , a+ 0>=
v ± b b
2
a+ , a± 0, θ f π 2⁄ .><=


=
a v i
2 ηk
2
k 1=
N
∑  
 
v i θicos
2
m
--- nkωk,
k 1=
N
∑–+=
b 12-- ηk
2
k 1=
N
∑  
 
θ f , θi f,cos n pi f,,( ).∠= =
dσ fi
n1…nN( )
dΩ--------------------- 4Z
2
re
2 v f
2
v i v f b+( ) v f vi–( )4
------------------------------------------------ In1…nN
2
.=
In1…nN
αkj ηkη j
ng fi( )
Ωkj
--------------, g fi v f vi;–= =
v i
2
ηk
2
  v i,
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and neglecting the second term in the coefficient a
defined by (44):
(49)
Note that, generally, the interference parameters are not
small in the case under study: m /ωk(j)  αkj 
m /ωk(j)  1. We have αkj  1 and the functions
 in (49) are reduced to (35) only for intensities
that satisfy the condition of dipole approximation (38).
5. ELECTRON–NUCLEUS SBEA 
IN THE INTERFERENCE RANGE
Let us consider the scattering of an electron by a
nucleus in the field of N waves under conditions when
the angle ψ between the wave vector and the vector gfi[see (20)] is so small that Bunkin–Fedorov quantum
multiphoton parameters are small for arbitrary intensi-
ties of the waves; i.e., scattering occurs in the kinematic
range specified by conditions opposite of (30):
(50)
where  = (ngfi)2. In what follows, this kinematic
range will be referred to as the interference range. Note
that, by summing all λk (k = 1, 2, …, N) [see (19)], we
derive an equality
(51)
In the interference range, we can set γ1 = … = γN = 0
and χ1 = … = χN = 0 [see (19) and (20)]. With allowance
for these equalities, we find from (17)–(19) that λk = 0.
Therefore, employing (51), we derive an equation that
couples the numbers of photons in all the waves:
(52)
Hence, the photon numbers nk in the interference range
are correlated in such a manner that the total number of
photons (with allowance for polarization δk) emitted or
absorbed by an electron is equal to zero. As demon-
strated below, the ambiguity in the choice of the num-
ber of the wave involved in emission (absorption) of
photons correlated with other waves has no influence
on the probability of the process. It is due to relation
(52) that emission and absorption of photons at combi-
dσ fi
n1…nN( )
dΩ--------------------- 4Z
2
re
2 v f
v i v f vi–( )4
--------------------------- In1…nN
2
,=
v f v i 1
2
mv i
2---------- nkωk
k 1=
N
∑– .=
v i
3
v i
2
In1…nN
2
ψ  1
γ k'
---- , π ψ–   1
γ k'
---- , k 1 2 … N ,, , ,=
g fi
2
δkλk
k 1=
N
∑ δ jn j.
j 1=
N
∑–=
δknk
k 1=
N
∑ 0.=
nation frequencies |ΩkN | occur in the interference range.
Note that quantum parameters αkN (21) play the role of
multiphoton parameters in this case. Therefore, it
would be natural to analyze phenomena that occur in
the interference range in terms of a set of (N – 1) num-
bers of photons at combination frequencies |ΩkN | rather
than in terms of numbers n1, …, nN of emitted and
absorbed photons at frequencies ω1, …, ωN. Thus, we
introduce photon numbers l1, …, lN – 1 defined as
(53)
By virtue of (52) and (53), we have l0 = 0 and
(54)
With allowance for these relations, the law of energy con-
servation is written as [see the argument of the δ-function
in (25)]
(55)
Then, we can eliminate (N – 1) sums in rjN from expres-
sion (17). Thus, we have only
(56)
sums, and the functions  defined by (17)–(19) are
reduced to functions  that depend only on (N – 1)
interference quantum parameters and that can be repre-
sented as
(57)
Here, integer orders rsN of Bessel functions are deter-
mined from relations
(58)
and parameters αjk can be expressed in terms of prod-
ucts of parameters αsN:
(59)
2l0 δ1n1 … δNnN+ +=
2l1– δ1n1– δ2n2 … δNnN+ + +=
2l2– δ1n1 δ2n2– … δNnN+ +=
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nN δN lk.
k 1=
N 1–
∑–=
E˜ f E˜ i– lkΩkN
k 1=
N 1–
∑+ 0.=
N3
1
2-- N 1–( ) N 2–( )=
In1…nN
Jl1…lN 1–
Jl1…lN 1– α1N … αN 1– N,, ,( )
≡ Il1…lN 1– 0 … 0; α1N … αN 1– N,, , , ,( )
=  Jr jk α jk( )
r jk ∞–=
∞
∑
k j 1+=
N 1–
∏
j 1=
N 2–
∏  
 
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As can be seen from expressions (55)–(59) derived
above, the scattering of an electron in the interference
range is characterized by a strong correlation between
the numbers of photons emitted or absorbed by the
electron (52). Due to this circumstance, multiphoton
electron–nucleus SBEA in this range is governed by
quantum interference parameters, as opposed to the
Bunkin–Fedorov range, where quantum parameters γk(20) play the role of multiphoton parameters. In the
interference range, we have (N – 1) independent mul-
tiphoton parameters αsN, which characterize emission
and absorption of photons at combination frequencies
|ΩkN |. Note that all these parameters are coupled with
each other through parameters αjk (59).
Note that, in the case of two waves, the functions
 defined by (57) can be expressed in terms of a
single Bessel function  = (α12); i.e., we deal with
correlated emission and absorption of equal numbers of
photons from both waves (see (52), (53) and [8]). In the
case of three waves, we have
(60)
where
(61)
and the law of energy conservation (55) is written as
(62)
We emphasize that the ambiguity in the notation of the
wave number has no influence on the probabilities of
the processes under study. For simplicity, we will prove
this statement for the case of three waves. Using the
replacement ω1  ω3, we can rewrite the functions
 (60) and the law of energy conservation (62) as
(63)
(64)
As can be seen from (62) and (64), wave renumbering
changes the form of the energy-conservation law along
with the form of the functions . Let us rename the
summation index in (63), l2 + r = –r', and employ the
replacement l1 + l2  – . Then, with allowance for
the properties of Bessel functions [J
–r'(α21) = Jr'(α12)],
we can readily show that (63) and (64) are reduced to
initial expressions (60) and (62).
As it follows from conditions (50), the interference
range is characterized by the scattering of an electron in
the plane formed by the initial momentum of the elec-
tron and the wave vector. The azimuthal angles of an
Jl1…lN 1–
Jl1 Jl1
Jl1l2 α13 α23,( ) Jr α12( )Jl1 r– α13( )Jl2 r+ α23( ),
r ∞–=
∞
∑=
α12 η1η2
α13α23
η3 η1α23 η2α13–( )
-------------------------------------------- ,=
E˜ f E˜ i– l1Ω13 l2Ω23+ + 0.=
     
Jl1l2
Jl1l2 Jr α32( )Jl1 r– α31( )Jl2 r+ α21( ),
r ∞–=
∞
∑=
E˜ f E˜ i– l1Ω31 l2Ω21+ + 0.=
Jl1l2
l1'
 
electron in the initial and final states are equal to each
other, and the polar angles and the velocities are related
by the following expression (see [8]):
(65)
With allowance for (65), the law of energy conservation
(55) can be considerably simplified and can be written
in the form of a quadratic equation (instead of a fourth-
order equation) with respect to the energy of the emerg-
ing electron:
(66)
Here, we introduced the following notations:
(67)
By virtue of (32), we can write
(68)
Hence, for nonrelativistic and relativistic electrons
(when 
 
η
 
j
 
 
 

 
 1), as well as for ultrarelativistic electron
energies (when 
 
ξ
 
j
 
 
 

 
 1), we have
(69)
In this case, we can easily demonstrate (see [13]) that
(70)
Comparison of the probabilities of multiphoton SBEA
in the kinematic ranges of electron scattering specified
by (30) and (50) shows that the ratio of these probabil-
ities is of the same order of magnitude as the ratio of
functions (70). Consequently, if conditions (69) are sat-
isfied, the probability of multiphoton electron–nucleus
SBEA in the interference range is considerably higher
than the probability of multiphoton electron–nucleus
SBEA in the Bunkin–Fedorov range. Note also that, in
the interference range, the classical interference
parameter
(71)
plays the role of the classical parameter 
 
ξ
 
k
 
 (31) in the
Bunkin–Fedorov range.
Let us sequentially consider electron–nucleus
SBEA in the interference range specified by (50) for
relativistic, nonrelativistic, and ultrarelativistic electron
energies.
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Suppose that an electron has a relativistic energy
(Ei,f ~ m) and the intensities of the waves are limited by
condition (40). Then, using the law of energy conserva-
tion (66), we find that Ef = Ei, and formulas (65) yield
the following expressions for the angle of electron scat-
tering:
(72)
Employing these results, we can readily derive the
cross section of scattering from (24) and (25):
(73)
Here, the partial cross section of scattering with emis-
sion or absorption of l1, …, lN – 1 photons at combina-
tion frequencies |Ω1N |, …, |ΩN – 1,N | is written as
(74)
where the functions  are given by (57). Note
that the cross section (74) is considerably greater than
the corresponding cross section in the Bunkin–Fedorov
range (34) for intensities (69). Summing partial cross
sections (74) over all processes involving emission and
absorption of photons from the relevant waves, we find
that all essentially quantum contributions characterized
by quantum interference parameters compensate each
other, and the total cross section coincides with the
Mott cross section.
Next, let us consider electrons with nonrelativistic
energies (vi,f  1), assuming that wave intensities satisfy(40). Performing simple transformations, we can reduce
the law of energy conservation (66) to the relation
(75)
Taking this formula into account and using (65), we can
find the polar angle of the emerging electron:
(76)
where
(77)
Hence, the scattering angle generally depends on the
number of absorbed and emitted photons at combina-
tion frequencies, and the polar angles of the incident
electron may satisfy (if  < 1) the following ine-
quality:
(78)
θ
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It can be easily seen that, for sufficiently strong fields,
when ηjηk  vi [but conditions (40) are satisfied], the
second term in the radicand in (77) can be large; i.e.,
multiphoton absorption of photons at combination fre-
quencies may dominate. As a result, the velocity of the
emerging electrons may considerably exceed the initial
electron velocity (   1). Then, by virtue of
(76), we find that, regardless of the initial polar angle θi
of the incident electron, the emerging electron is scat-
tered either along the wave vector or in the direction
opposite of the wave vector (θf ≈ 0, π). Suppose now
that the product of wave intensities meets the condition
(79)
Then, the scattering cross section for nonrelativistic
electrons scattered by angles (76) in the interference
range (50) can be derived from (25):
(80)
where the interference quantum parameters in func-
tions  are given by
(81)
If the intensities of the waves meet the conditions
(82)
we can neglect the number of emitted (absorbed) pho-
tons of the waves. In other words, under these condi-
tions, we have vf ≈ vi, and an electron is scattered by an
angle θf = π – θi or
(83)
Therefore, expressions (80) and (81) for the cross sec-
tion and interference parameters can be rewritten as
(84)
(85)
Summation of the cross section (84) over all emission
and absorption processes involving photons at combi-
nation frequencies yields the Mott cross section. Note
that, if the wave intensities are chosen in such a manner
that αkN  1, the partial cross sections (80) and (84) are
considerably greater than the corresponding cross sec-
tions of scattering in the Bunkin–Fedorov range. Spe-
cifically, for optical frequencies of the waves and veloc-
ities vi = 10–1, such a relation between the cross sec-
tions of scattering holds within the range of wave
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intensities 10–5 < ηkηN < 10–1, i.e., for intensities that
can be achieved with modern lasers.
Now, let us consider the case when electrons have
ultrarelativistic energies (|pi,f | ≈ Ef,i  m) and the wave
intensities meet the conditions ξk  1, i.e.,
(86)
In this case, formula (65) yields the following expres-
sion for the interference range:
(87)
We will analyze the scattering of an electron by large
angles and exclude the case when θi ~ 1 and θf ~ 1.
Indeed, by virtue of (66), the electron energy before
scattering is equal to the electron energy after scattering
[Ei = Ef, see the argument of the δ-function in (25)], and
it is easy to verify that relation (87) is reduced to the
equality  = . This equality can be
satisfied only when an electron is scattered by zero
angle. Therefore, in the studied case of large-angle
scattering, relation (87) is met only in two cases: when
θi  1 and θf ~ 1 or θi ~ 1 and θf  1. In the latter case,
we find that, for arbitrary initial angles θi, the direction
of electron scattering is close to the direction of propa-
gation of both waves:
(88)
By virtue of (86) and (88), we can set  = Ei and
 = Ef(1 + 2b0) in the law of energy conservation (66),
and the energy of the scattered electron is given by the
following expressions (see also [9]):
(89)
Using these formulas, we can rewrite expression (88)
for scattering angles as
(90)
As can be seen from (88)–(90), Ef ≈ Ei (  ≈ 1) for
intensities   1. Consequently, scattering angles
(90) are given by
(91)
and are independent of the number of emitted and
absorbed photons in both waves. In the opposite limit-
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ing case of very strong fields (   1), expressions
(89) yield
(92)
Consequently, scattering angles (90) can be estimated in
their order of magnitude as θf ~ (1 – vi)  (1 – vi), and
the energies of emerging electrons (89) are low as com-
pared with the energies of incident electrons (Ef  Ei).
Since we assume that electrons in the final state are also
ultrarelativistic, relation (92) imposes a more stringent
condition on the intensities of both waves than (86):
(93)
To find the cross section of scattering, we divide the
probability (25) by the flow density of incident elec-
trons. Taking (93) into account and performing integra-
tion in the energy of electrons in the final state, we
derive the following ultimate expression for the partial
differential cross section of scattering into an elemen-
tary solid angle dΩ:
(94)
Here,
(95)
is the ultrarelativistic limit of the Mott cross section
[10]. Functions  are defined by expression (57),
and the arguments of these functions are
(96)
Hence, we find that, for ηk  1, quantum parameters
meet the relations αkN  Ei/ωk  1, and, consequently,
partial sections (94) are small as compared with the
Mott cross section. Taking this circumstance into
account, we will consider in greater detail the case
when ηk  1. In this regime, we have Ef ≈ Ei, and the
scattering angles θf and quantum interference parame-
ters are given by (91) and (96) with  = 1. Then,
partial cross sections (94) are written as
(97)
Note that the interference parameters meet the relation
αkN ≥ 1 when the product of wave intensities satisfies
the condition
(98)
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Note that, in the Bunkin–Fedorov range (30), quantum
multiphoton parameters meet the conditions γk ≥
ηk(m /ωk) ≥ m / . Therefore, provided that
(99)
we have γk  1, and relation (70) holds true; i.e., the
cross section (97) of multiphoton electron–nucleus
SBEA in the ultrarelativistic case is considerably
greater than the relevant cross section of scattering for
any other geometry. In other words, ultrarelativistic
electrons are mainly scattered along the direction of
propagation of N waves (91).
Let us estimate field intensities and energies of elec-
trons that satisfy conditions (98) and (99). In the range
of optical frequencies, inequality (99) yields  
102–103. Therefore, using (98) with Ei/m ~ 102, we
obtain field strengths Fk ~ (108–106) V/cm, which can
be readily achieved with modern lasers.
6. CONCLUSION
The performed investigation of SBEA that accompa-
nies the scattering of an electron by a nucleus in the
field of an arbitrary number N of circularly polarized
waves with arbitrary intensities and frequencies propa-
gating in the same direction allows us to make the fol-
lowing conclusions:
(1) The probability of multiphoton SBEA involving
emission and absorption of n1, …, nN photons of the
waves is governed by the function  defined by
(17) and (18). Generally, this function depends on N
Bunkin–Fedorov quantum parameters γk (20) and N1
(1) quantum interference parameters αkj (21).
(2) Depending on the intensities and frequencies of
the waves, multiphoton SBEA may occur in substan-
tially different kinematic ranges of electron scattering:
the Bunkin–Fedorov range, where quantum parameters
γk serve as multiphoton parameters, and the interfer-
ence range, where the interference of all the waves
becomes clearly pronounced, and quantum parameters
αkN play the role of multiphoton parameters.
(3) For moderately strong fields [ξk  1, k = 1, …,
N (31)], the cross section of multiphoton electron–
nucleus SBEA in the general relativistic case can be
factorized in the Bunkin–Fedorov range (30) as a prod-
uct of the probability to emit or to absorb a photon from
the relevant wave, which is determined by the modulus
of the functions  squared, by the cross section of
elastic electron–nucleus scattering (the Mott cross sec-
tion). In the limiting case of nonrelativistic electron
velocities, the applicability condition of dipole approxi-
mation (38) considerably depends on wave frequencies.
(4) In the interference range, the numbers of pho-
tons in all N waves emitted and absorbed by an electron
are strongly correlated with each other. Due to this cor-
relation, the scattering of an electron by a given angle
in the plane of the initial momentum and the wave vec-
tor is accompanied by the emission or absorption of
photons at combination frequencies |ΩkN | (21). For
wave intensities and frequencies that satisfy the condi-
tions αkN  1 and ηk  1, the probability of such mul-
tiphoton SBEA is considerably higher than the SBEA
probability in the Bunkin–Fedorov range. In the range
of optical frequencies, conditions specified above cor-
respond to the following restrictions on the field
strengths:
(107–108) V/cm  Fk  (1010–1011) V/cm
for electrons with relativistic energies and
(107–108)vi V/cm  Fk  (1010–1011) V/cm
for electrons with nonrelativistic energies.
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